In this paper, we will show that the topological type of the Jacobian variety of a reduced tropical plane curve depends only on the genus of the curve.
Introduction
This paper is a continuation of [7] .
Definition. The genus of a tropical curve C in R 2 is the number of lattice points in the Newton complex Newt(C) which lies in the interior of the Newton polygon ∆(C). (Hence if C is reduced, the genus of C equals the rank of H 1 (C, Z).)
Definition. The Jacobian variety Jac(C) is the residue group of Div 
Theorem 1.1. Let C be a reduced tropical curve of genus g in R 2 . Then Jac(C) is isomorphic to the g-dimensional real torus T g .
See [7] section 2 for preliminaries.
2 Proof of the theorem Lemma 2.1 ([7] , Lemma 3.2). Let E be an edge of C, and let P, P ′ , Q, Q ′ be points of E such that
Lemma 2.2 ( [7] , Lemma 3.4). Let E be a ray of C. Then all points of E are linearly equivalent.
Let P(R 2 ) be the space of all tropical curves (See [7] , section 4).
We consider the kernel of the homomorphism Div 0 (C) → Jac(C). Lemma 2.1 says some subgroup H ⊂ Div 0 (C) is contained in this kernel. H is the subgroup generated by all (P ′ − P ) − (Q ′ − Q) which satisfies the assumption of Lemma 2.1.
Let E 1 , . . . , E N be all finite edges of C. Let V i be one of vertices of E i . For each i, we have a homomorphism
where P ∈ E i is the point such that the lattice length of [V i , P ] equals δ.
Hence we have a homomorphism
is surjective because of Lemma 2.2. We fix a vertex O ∈ C. Let λ : C → R N /F be the map such that i) π(λ(P )) = P − O for P ∈ E i , ii) every ray of C is contracted by λ.
where δ is the lattice length of [
Lemma 2.4. F is a free abelian group of rank g.
Proof. Let Λ 1 , . . . , Λ g be cycles generating H 1 (C, Z). Let V j1 , . . . , V js j be all vertices of Λ j , and take V j0 = V js j . Let a jk ∈ R N be the vector such that π(a jk ) = V jk − V j,k−1 . Let F ′ be the abelian group generated by a 1 , . . . , a g , where a j = k a jk . The map λ : C → R N /F is factored into a map
For a tropical curve L ∈ P(R 2 ), we define σ(L) ∈ R N /F as follows.
The map
is continuous by definition of the stable intersection. Given a continuous path γ :
Proof. Recall that each component of P(R 2 ) is a closed cone in an affine space. Given a Newton complex N , let
Every element of W is written as v(γ 1 ) + · · · + v(γ s ) for linear paths
and Newton complexes N 1 , . . . , N s . For 0 ≤ t ≤ 1, we have
where
We have an isomorphism
from Lemma 2.3. Note that R N /W is a vector space generated by e 1 , . . . , e N . Theorem 1.1 follows from the following lemma. Lemma 2.6. Suppose that X := C \ (E 1 ∪ · · · ∪ E g ) is a maximal tree in C. Then e 1 , . . . , e g is a basis of R N /W over R.
Proof of that e 1 , . . . , e g is a generator. For g + 1 ≤ j ≤ N, there is a piecewise linear curve M ⊂ R 2 containing two rays such that X ∩ M is a single point of E j . The following lemma says that e j ∈ Q e 1 , . . . , e g in R N /W .
Lemma 2.7. Let S, T be rays in R 2 such that
Let P 0 , . . . , P r , P ′ 0 , . . . , P ′ r ∈ R 2 be rational points such that
Proof. Let L be the tropical curve with vertex P i , consisting of three rays
. Taking a suitable linear combination and canceling lines, we have the statement.
Proof of that e 1 , . . . , e g is linearly independent. Suppose
For 1 ≤ j ≤ g, there is a piecewise linear closed curve Λ in X ∪ E j . Let E i(0) , . . . , E i(s) be all edges of Λ, and take E i(0) = E j . Let ε k ∈ {1, −1} be the sign of E i(k) with respect to the positive direction of S 1 : The sign is positive if the coordinate of R N is increasing. Let h : R N → R be the linear map defined by
whereě i denotes the dual basis. Then we have
To complete the proof, we show that the map h •σ γ : [0, 1] → R is constant for any continuous path γ.
We may assume that C intersects L t := γ(t) transversely for any t. There are points P kmt ∈ E i(k) , edges L kmt ⊂ L t , and vectors u km ∈ R 2 such that i) E i(k) · L t = m P kmt , ii) E i(k) ∩ L kmt = P kmt , iii) u km is the weighted primitive vector of L kmt starting at the vertex inside Λ, divided by µ P kmt . For L 0 and L 1 , we have the moment condition inside Λ: Let u k be the primitive vector of E i(k) starting at V i(k) . Since u k ×u km = −ε k , we have k,m h λ i(k) (P km0 ) −λ i(k) (P km1 ) = 0.
Thus h(σ γ (0)) = h(σ γ (1)).
